Singular values are used to construct physically admissible 3-dimensional mixing matrices characterized as contractions. Depending on the number of singular values strictly less than one, the space of the 3-dimensional mixing matrices can be split into four disjoint subsets, which accordingly corresponds to the minimal number of additional, non-standard neutrinos. We show in numerical analysis that taking into account present experimental precision and fits to different neutrino mass splitting schemes, it is not possible to distinguish, on the level of 3-dimensional mixing matrices, between two and three extra neutrino states. It means that in 3+2 and 3+3 neutrino mixing scenarios, using the so-called α parametrization, ranges of non-standard mixings are the same. However, on the level of a complete unitary 3+1 neutrino mixing matrix, using the dilation procedure and the Cosine-Sine decomposition, we were able to shrink bounds for the "light-heavy" mixing matrix elements. For instance, in the so-called seesaw mass scheme, a new upper limit on |U e4 | is about two times stringent than before and equals 0.021. For all considered mass schemes the lowest bounds are also obtained for all mixings, i.e. |U e4 |, |U µ4 |, |U τ 4 |.
Introduction
The existence of additional neutrino flavors is one of the main posers in neutrino physics. Such particles can exist in nature and there are many theory driven experimental studies [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Though new neutrino states may exist, in the Standard Model (SM) additional right-handed states do not couple directly with W and Z bosons, thus they are dubbed "sterile". However, they may influence the Standard Model physics, as they mix with "active" Standard Model left-handed states, which may lead to observable anomalies in theoretically predicted experimental results for the three neutrino flavor framework. Some reported anomalies can be found in Refs. [14] [15] [16] [17] [18] , though the reason may be different, connected with experimental setups or assumptions, as discussed for instance recently in [19] .
Closely related to the problem of neutrino mixings is the issue of neutrino masses. Masses of sterile neutrinos are not limited so far and ranging from (sub-)eV to TeV, and higher to the Planck scale. They may be very massive and explain masses of known light neutrinos by the seesaw mechanism [20, 21] . The heavy neutrinos provide an interesting connection to Dark Matter, Baryogenesis via Leptogenesis, and feebly interaction dark sectors, also referred to as Neutrino Portal [22] [23] [24] [25] . There also exist some hints towards two additional sterile neutrinos with eV scale masses [3, [26] [27] [28] [29] . However, they contradict the latest muon neutrino disappearance results from MINOS/MINOS+ and IceCube [30, 31] . So, the situation is not clear concerning scales and the number of additional neutrino states in general, and further scrutinize studies are needed, both on experimental and theoretical sides.
In this paper we investigate in detail our original idea [32] on how the notions of singular values and contractions which are coming from the matrix theory, influence limits on neutrino mixing parameters within the standard PMNS mixing matrix framework [33] [34] [35] , when additional neutrino states are added [32, 36] .
New neutrino states modify the PMNS matrix, it is no longer unitary and mixing between extended flavor and mass states is described by a matrix of dimension larger than three. This extended matrix should in general itself be unitary, meaning completeness of the active-sterile mixing is restored. Hence, studies of the violation of unitarity of the SM PMNS mixing matrix is suitable for finding a hint for new neutrino states. From a theoretical point of view, it is easier to study such deviations by representing the 3-dimensional non-unitary mixing matrix U PMNS as a product of a unitary matrix and some other type of matrix. Two decompositions used frequently in neutrino mixing studies are known as the η and α parameterizations [37] [38] [39] [40] [41] [42] [43] . The first decomposes a given matrix into a product of a unitary matrix and a Hermitian matrix while the second one decomposes a matrix into a product of a unitary matrix and a lower triangular matrix
where V and W are any unitary matrices.
We approach the problem of non-unitarity of the neutrino mixing matrix differently and explore mathematical properties of matrices, and their consequences for neutrino mixing analysis. To describe the neutrino mixing and experimental data in a uniform way, singular values are perfect quantities, giving a possibility to identify regions of physically admissible 3×3 mixing matrices [32] . Singular values restrict neutrino mixing ranges to a special class of matrices known as contractions which have the largest singular values σ 1 smaller than one,
where · stands for an operator norm. Moreover, matrix norms can be used to measure deviation from unitarity on the different levels of the mixing matrix. More details about the matrix norms applied to neutrino mixings can be found in [32, 44] . Further, the number of singular values less than one determines a minimal number of additional neutrinos. It is then tempting to use this characteristic and construct right from the beginning mixing matrices with prescribed singular values which slice physical space of mixings into disjoint regions. Such matrices can be easily compared with experimental results via the α parametrization. The main goal of the present work is to establish how a strict decomposition due to singular values affects ranges of mixing entries and minimal dimensions of allowed extended mixing matrices. Our analysis begins with an estimation of how much space within experimental limits is still available for 1,2 and 3 additional neutrinos. We construct 3 × 3 matrices with a prescribed set of singular values and for each number of additional neutrinos we move down "free" nonunit singular values to the smallest possible value. This procedure reveals how much free space we have to accommodate additional neutrinos. Next, for each scenario, the largest absolute values of the matrix elements are established and compared with corresponding experimental values, to see if contractions shrunk the mixing space and if allowed regions of mixing elements depend on the number of additional neutrinos. Since we restrict ourselves to study separately scenarios with a different minimal number of additional neutrinos, and as they split allowed mixing space into disjoint regions, it is a priori not excluded that allowed mixing ranges can be shrunk. Finally, we study in more detail the 3+1 scenario analyzing the spread of elements for the smallest possible singular value. Furthermore we give new analytical bounds for the mixing of active neutrinos with a fourth massive neutrino.
In the next section, we present a geometrical argument that motivates our work, methodology and experimental groundwork. Section 3 is devoted to the main analysis in which matrices with prescribed singular values are used to restrict current experimental bounds regarding the minimal number of additional neutrinos. In Section 4 a scenario with one additional neutrino is considered in more detail using the dilation procedure. New analytical bounds for the "light-heavy" mixing sector are derived. The work is concluded with a summary and discussion of possible directions for further studies.
2 Matrix theory: Non-standard neutrino mixings and experimental data 2.1 Subsets of the region of physically admissible mixing matrices
In [32] a region Ω of physically admissible mixing matrices was defined as the convex hull spanned on 3 × 3 unitary U PMNS mixing matrices with parameters restricted by experiments. Thus all matrices in Ω must necessarily be contractions, i.e. matrices with a spectral norm less or equal to one, see (1.3) . It has also been shown that singular values control the minimal dimension of possible extensions of the 3 × 3 matrix U PMNS to a complete unitary matrix of some BSM models, which means that the minimal number of additional neutrinos is not arbitrary but depends on singular values. A distinction between the minimal dimension of the unitary extension of matrices from the region Ω is encoded in the number of singular values strictly smaller than one. This fact allows to divide Ω into four disjoint subsets: V 1 , V 2 , V 3 and U characterized as
where U contains only unitary matrices. Such an internal structure of Ω provides motivation for analysis of the neutrino mixing matrices with respect to the minimal number of additional neutrino states.
Mixing matrix with prescribed singular values
In general, finding a matrix with a specified set of singular values V 1 , V 2 , V 3 defined in (2.1) within all physically admissible mixing matrices in Ω is a cumbersome task. A solution is to construct right from the beginning mixing matrices with a given set of singular values. In mathematics such an approach is known as the inverse singular value problem [45] which is closely related to the inverse eigenvalue problem [46] . As a basis for the construction of such mixing matrices, we can either use a general matrix structure or try to simplify the task by invoking a specific matrix decomposition. Here we consider the α parametrization (1.2) and focus on the lower triangular matrix α. To obtain lower triangular matrices with prescribed eigenvalues and singular values the algorithm proposed in [47] is used. Construction is based on the majorization relation between eigenvalues and singular values
with equality when k = n, where n is the dimension of the matrix. Moreover, it is known that for such matrices eigenvalues are situated on the main diagonal [48] . Thus we are able to construct the following matrix which will be called the A-matrix
with singular values σ 1 , σ 2 , σ 3 (highlighted quantities are prescribed). In this way, imposing eigenvalues and singular values the minimal number of additional neutrinos can be classified. Thanks to the construction, we are left just with three free parameters a 21 , a 31 , a 32 .
Present limits on the T -matrix derived from experimental data fits
In Tab. 1 experimental bounds are given for the T -matrix defined as a distortion of unity by α, T = I −α, for different neutrino mass scenarios. We chose to work with the T -matrix as it multiplies directly the unitary matrix in the decomposition (1.2), giving the same singular values as U PMNS . Table 1 : Limits on the elements of the T = I − α matrix for different non-standard neutrino mass scenarios (I)-(III). Limits on the α matrix elements α ij are taken from [43] , which are obtained from the global fits [49] to the experiments [50] [51] [52] [53] [54] .
It becomes customary to fit experimental data for three classes of different mass splittings. In the scheme (I) it is supposed that masses of sterile neutrinos are at the GeV level, and above. We can call it the seesaw scheme. In this case, diagonal elements are closest to 1, and non-diagonal elements are the smallest among considered scenarios. It is due to a natural non-decoupling of heavy neutrino states, which is hard to avoid [55] . Two other cases are different, with substantial non-diagonal elements where no clear relations between values of non-diagonal entries and mass schemes exist. The intermediate scale, scheme (II), is an interesting region for many experiments like MINOS, LSND, DUNE or SBN [56] [57] [58] [59] . Finally, in the scheme (III), an additional sterile neutrino is only slightly more massive than known three massive neutrinos.
Heavy extra neutrinos modify Z and W boson couplings. Such modifications translate to very strong limits on the scheme (I). Constraints for this scheme have been obtained from global fits in Ref. [49] . The limits on intermediate scale (II) were obtained from different experiments.
The constrain on α 11 has been obtained in the BUGEY-3 experiment [50] with comparable values obtained by Daya-Bay [60] . Values for α 22 and α 33 come from the SK atmospheric oscillation measurements [51] . The off-diagonal elements, α 21 and α 32 , have been obtained by the NOMAD experiment [54] , in agreement with KARMEN results [61] . Constrains on the diagonal element α 11 for scheme (III) are obtained by BUGEY-3 [50] , for α 22 by SK [51] , and for α 33 in Ref. [51] . Limits for not listed elements were obtained indirectly from the diagonal elements [43] .
Tab. 1 represents experimental restrictions imposed to our analysis. All elements of constructed A-matrices must lie within these limits.
3 Pinning down the T -matrix with singular values: Numerical results
Error estimation
Singular values are continuous functions of the matrix elements [48] . Therefore, small changes in matrix elements do not change drastically their values. Quantitatively such behavior can be described with the help of Weyl inequalities [62, 63] . Let us assume that a V matrix which realizes some BSM scenario includes the error matrix E of the form V + E. Using Weyl inequalities for decreasingly ordered pairs of singular values of V and V + E, the following relation takes place
A precision for elements of the T -matrix in the massive case m > EW is 10 −5 (Tab. 1). In our analysis, we keep the same precision for all massive cases. This does not contradict experimental results since we still work within experimentally established intervals. Thus, all entries of the error matrix can be taken as E ij ≈ 0.00001 and the uncertainty of the calculated singular values is bounded by ||E|| = 0.00003.
Continuity of singular values
In order to study if cases with one, two and three additional neutrinos can be distinguished, let us consider a simple two-dimensional scenario and see how singular values change with a continuous change of the non-diagonal element. We start from the following diagonal matrix
This matrix has obviously two singular values strictly less than one, equal to 0.99. Now we transform this matrix to the lower triangular form by adding to the position (2, 1) a parameter :
Increasing from zero, Fig. 1 shows that singular values change continuously with the continuous change of elements. The more subtle problem is how dense matrix elements must be discretized, i.e. what experimental precision is needed, to be sure that with a change of elements according to this precision we can always distinguish singular values in numerical analysis. To check it, starting from the singular values as in (3.2), σ 1,2 = 0.99, we increase parameter from 0 to 0.1 by the steps given in Tab. 2, and look when σ 1 can reach value 1 (crossing of the dashed horizontal line and the line for σ 1 on Fig. 1 ). Taking into account the discussion in the previous subsection, we assume that singular values are given with the 3 × 10 −5 precision. As we can see in Tab. 2, beginning with a density of steps at the level of 10 −4 , we can find solutions for singular values, determined with the 3 × 10 −5 precision. Further increase of the density of steps results in a larger number of solutions so, as long as we stay within allowed intervals, by adjusting a proper density of sifting, we are able to distinguish two matrices within imposing accuracy.
Initial singular value (σ 1 ) 0.99 Size of the step Number of matrices 0.001 0 0.0001 1 0.00001 11 Table 2 : A number of matrices that can reach the value of the first singular value (σ 1 ) equal to 1 ± 3 × 10 −5 starting from 0.99. When the size of the step decreases, it is more probably to find non-zero solutions.
Singular values as non-standard mixing quantifiers in scenarios with N additional neutrinos
We begin the analysis by testing how much space for additional states is available within current experimental limits. According to the division of Ω into subsets V 1 , V 2 and V 3 , it is sufficient to consider extensions by one, two or three neutrinos, and any larger extension is encoded in these three cases. To estimate the amount of mixing space for additional neutrinos we construct mixing matrices with prescribed singular values and decrease as much as possible the singular values that are not fixed to unity (2.1). 0.979 ± 0.00003 0.977 ± 0.00003 0.977 ± 0.00003 ∆m 2 ∼ 0.1 − 1 eV 2 0.991 ± 0.00003 0.989 ± 0.00003 0.989 ± 0.00003 Table 3 : The smallest possible values of σ i for different mass schemes in 3 + N scenarios. The estimated error 3 · 10 −5 is written explicitly and is the same for all entries.
First of all, it shows that for each scenario there is space for additional neutrinos. From all massive schemes, the m > EW case contains the least space for extra neutrinos and in the scenario with 3 additional neutrinos, this space is limited most strongly. The most interesting situation occurs in the 3+1 case since the "free" singular value can be decreased the most. However, we should keep in mind that matrices from the subsets V 1 and V 2 can be also extended to higher dimensions, thus the space for two or three neutrinos should be treated in some sense cumulatively. In general, among all 3 + N scenarios, the ∆m 2 100 eV 2 massive case leaves the most space for additional neutrinos.
Bounds on the A-matrix in scenarios with different number of additional neutrinos
As the set of physically admissible mixing matrices splits into three disjoint subsets regarding the number of singular values strictly less than one, it is tempting to check for each disjoint subset, i.e. with one, two and three additional neutrinos, if we are able to shrink current experimental bounds for each case separately. This is done in two steps.
(i) Step 1. Construction of lower triangular matrices.
The lower triangular matrices are constructed by the method introduced in subsection 2.2, with a given sets of eigenvalues and singular values. In our approach only singular values are fixed and as eigenvalues coincide with diagonal elements, eigenvalues are randomly generated by exploring values of the T -matrix within the experimental ranges T 11 , T 22 , T 33 (Tab. 1), together with the requirement imposed by the majorization condition (2.2). Off-diagonal elements are adjusted by the appropriate rotations specified by eigenvalues and singular values (for details of the construction see [47] ). Analysis was divided into three scenarios, according to prescribed set of singular values which correspond to the subsets of the region Ω (2.1), i.e., to the minimal number of additional neutrinos
In each scenario and for different mass splitting cases (I-III), 10 8 matrices were produced and compared with the experimental bounds. In this way the lower and upper bounds for the elements of the A-matrix have been established.
(ii) Step 2. Sifting the boundary regions.
If for any scenario the ranges of elements given in Tab. 2 has shrunk by the procedure described in step 1, in addition, a single matrix element from the excluded region is fixed, and the remaining matrix elements are checked again within experimental bounds. For each matrix, we check the set of singular values to see if we can find additional matrices that belong to the currently considered scenario. The procedure is repeated for the remaining values of the fixed matrix element from the excluded region in step 1. This procedure allows us to sweep systematically through the region of ranges of experimental matrix elements which were not covered by limits of the A-matrix obtained in step 1.
Experimental data in Tab. 1 for the m > EW case are given with the 10 −5 precision while for remaining cases they are given with a precision of 10 −3 . However, in our analysis we keep consequently the 10 −5 precision. It is possible as long as two matrices can be distinguished by their singular values with an imposed error, precision of individual elements is irrelevant, we fix it at the level of 10 −5 . The results of analysis are gathered in Tab. 4. Let us summarize them.
• For the 3+1 scenario, we observe shrinking in all elements of the T matrix. Particularly, lower limits for the element (2, 1) are non-zero and differ among massive scenarios (I-III).
• In the 3+1 scenario, the largest change of the lower bound is observed for the element (2, 2) in the ∆m 2 100 eV 2 case, while the largest change for the upper bound happens for the (2, 1) element and the same massive scenario (II).
• We do not observe any differences between experimental values and our results in the 3+2
and 3+3 scenarios. As one may expect, there is a possibility to find more than one matrix with a given set of singular values. We analyze how big the spread of the elements of the A-matrix is in the case of the 3+1 scenario when the smallest value of the third singular value is considered (Tab. 3). Results given in (4.2)-(4.3) reveal that in the case of the smallest possible singular values the spread of elements is typically about 15% or less of the experimental intervals given in Tab. 1. The exception is the element (3, 2) for the intermediate massive case where almost the entire experimental interval is covered. This also shows that in the case of the one particular set of singular values experimental bounds can be narrowed substantially.
Dilation, a quest for complete mixing
As discussed in [36] , if the standard 3 × 3 neutrino mixing matrix U PMNS would be non-unitary, it should be a part of a larger unitary matrix. Contractions imply that also all matrices from the region Ω can be naturally expanded to a larger unitary matrix. Such a procedure is known as a unitary dilation and its reverse is known as compression. In the dilation case, our initial matrix U PMNS is located in the top-left corner of the extended complete unitary matrix W 4) and W W † = W † W = I. Numerically the unitary dilation can be done with use of the Cosine-Sine (CS) Decomposition [64] , which can be cast in the form of the following theorem. If m ≥ n, then there are unitary matrices W 1 , Q 1 ∈ M n×n and unitary matrices W 2 , Q 2 ∈ M m×m such that
where C ≥ 0 and S ≥ 0 are diagonal matrices satisfying C 2 + S 2 = I n .
If n ≥ m then it is possible to parametrize a unitary dilation of the smallest size.
Corollary 1
The parametrization of the unitary dilation of the smallest size is given by
7)
where r = n − m is the number of singular values equal to 1 and C = diag(cos θ 1 , ..., cos θ m ) with | cos θ i | < 1 for i = 1, ..., m.
A knowledge of the experimental bounds for each of 3 + N , N = 1, 2, 3 scenarios with help of the unitary dilation can be used to estimate limits for elements of the complete mixing matrix corresponding to the non-standard mixing.
New estimations for non-standard mixings
To estimate the "light-heavy" mixing sector in the case of one additional neutrino, the CS decomposition will be used. In the 3+1 scenario only one singular value is different from unity and the A-matrix has singular values σ 1 = 1, σ 2 = 1, σ 3 < 1. In such case the CS decomposition takes the form
(4.8)
For the "light-heavy" mixing sector we have
where W 1 ∈ C 3×3 is unitary, V 12 = (0, 0, −s) T and Q 2 = e iθ , θ ∈ (0, 2π]. Parametrizing the matrix W 1 by Euler angles we get
To estimate the largest possible absolute values for the elements of the "light-heavy" sector, we get where i = e, µ, τ . This rough estimation can not distinguish mixings which involve different flavors. To make this distinction possible and to get as sharp bounds as possible, the exact form of the W 1 matrix is needed, which follows from the singular value decomposition of the lower triangular A-matrices with prescribed singular values {1, 1, σ 3 }. σ 3 ranges from σ 3min ( Tab. 3) up to maximally allowed values. For all combinations we have generated 10 4 matrices which satisfy majorization relation (2.2), and with elements within the experimental bounds given in Tab. 1. For each matrix the singular value decomposition has been performed and the maximal and minimal absolute values of the W 1 matrix has been taken. In the 3 + 1 scenario only the third column of this matrix is important. Thus performing the same steps as for our first estimation (4.11) and replacing w 13 , w 23 , w 33 in (4.10) with obtained maximal and minimal values we get, For the upper bound in the case of the light sterile neutrino, scheme (III), the limit obtained for |U e4 | is tightened by about 20% than those presented in the literature [66] . Similarly, for the seesaw like sterile neutrino, scheme (I), the limit for |U e4 | is about 50% better than the current bound, and limits for |U µ4 | and |U τ 4 | are respectively about 30% and 10% better than present bounds [65] . In [66] the lower bounds for |U e4 | and |U µ4 | for scheme (III) are better than our results, however, opposite is true for |U τ 4 |. We would like to stress that our method allows to obtain lower bounds for all massive cases.
Conclusions and outlook
BSM signals in neutrino physics can emerge as deviations from unitarity of the 3-dimensional PMNS mixing matrix. Here we invoked the notion of singular values which links in the elegant and simple way the experimental and theoretical knowledge on mixing matrices. We performed numerical analysis for singular values of experimental mixing matrix interval data in the α matrix representation, which reflects neutrino mixing distortion from unitarity. The method of construction of matrices with prescribed singular values was introduced which allows to study subsets of the region of admissible mixing matrices according to the minimal number of additional neutrinos. Therefore, emphasis has been put on the study of possibility of distinction among three different scenarios, i.e., 3+1, 3+2 and 3+3, on the level of the present experimental bounds. Firstly, we have estimated the amount of space available for additional neutrinos. Results show that within the present experimental limits, there is enough space for all number of additional neutrinos in the whole mass spectrum. However, in the case of 3 additional neutrinos with masses above the electro-weak scale this space is strongly limited. Analysis reveals that 3+2 and 3+3 scenarios are indistinguishable and the mixing space belonging to subsets V 2 and V 3 in (2.2) covers the entire experimental intervals. More interesting is the 3+1 scheme where we observe shrunk of the experimental ranges for elements of the non-standard triangular A-matrix. The most significant difference between obtained ranges and experimental values are given for elements (2,1) and (2, 2) , in the intermediate massive case (II). It is clear from continuity of singular values that the distinction between these three scenarios should emerge at some level of precision.
Looking in more detail to the 3+1 scenario, the most interesting results are obtained in subsection 4.3, where the CS decomposition allowed to get lower and upper bounds on "light-heavy" neutrino mixings, i.e. the elements |U e4 |, |U µ4 | and |U τ 4 |, for all massive cases. It is worth noticing that also the limits on the tau neutrino mixing with a new neutrino state have been obtained. In particular, we have improved substantially bounds for the seesaw scenario, e.g. the upper bound on |U e4 | is about 2 times better than in previous analysis. However, in the case of a sterile light neutrino (scheme III) the only tightened constraint has been obtained for the mixing between the electron neutrino and the fourth massive state.
Matrix theory provides many useful tools to study the physics of particles mixing phenomenon. In the near future, we plan to extend the analysis especially to estimate the "light-heavy" mixing for the 3+2 and 3+3 scenarios. Moreover, we plan to study in detail connections between masses and neutrino mixings in the seesaw regime. In the long run, it is very important to understand the geometric structure of the physical region Ω, e.g. its facial structure [68, 69] . It will shed a light onto the distribution of contractions responsible for the minimal number of additional neutrinos.
